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Abstract 

Superconformal tensor calculus on an orbifold S 1 /Z 2 is given in five- dimensional 
(5D) spacetime. The four-dimensional superconformal Weyl multiplet and various 
matter multiplets are induced on the boundary planes from the 5D supermultiplets in 
the bulk. We identify those induced 4D supermultiplets and clarify a general method 
for coupling the bulk fields to the matter fields on the boundaries in a superconformal 
invariant manner. 
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§1. Introduction 

It is a very interesting idea that our world may be a 3-brane embedded in a higher- 
dimensional space-time. To investigate seriously various possibilities and problems in this 
framework of the 'brane world scenario', we need an off-shell formulation of supergravity 
in higher dimensions. Having this in mind, some groups have been developing supergravity 
!>>§)>!) anc l superconformalli ) 'B ) tensor calculus in five-dimensional (5D) space-time. 

In this paper we report on superconformal tensor calculus in 5D space-time in which 
the fourth spatial direction, x A = y, is compactified on an orbifold S l /Z 2 . We clarify the 
4D superconformal multiplets induced on the boundary planes from the 5D bulk fields. In 
particular, we show that the 4D superconformal Weyl multiplet is induced on the bound- 
ary planes from the 5D bulk Weyl multiplet. Similarly to the rigid supersymmetry case,@* 
5D bulk Yang-Mills multiplets induce 4D gauge multiplets on the boundaries if the vector 
components are assigned even Z 2 parity. A hypermultiplet in 5D bulk produces a 4D chiral 
multiplet on the boundary. A linear multiplet in 5D bulk can also yield a 4D chiral multi- 
plet on the boundary for a certain Z 2 parity assignment, while, for the opposite Z 2 parity 
assignment, it does not give 4D linear multiplet but, rather, a general- type multiplet. 

Once we can identify the 4D superconformal multiplets induced on the boundary planes, 
it becomes immediately clear how to couple the 4D matter fields on the boundary to the 
bulk supergravity, Yang-Mills and matter fields in a superconformal invariant manner. Since 
the 4D compensating multiplet is also induced from the 5D bulk compensating multiplet, we 
can write down any 4D invariant action on the boundary planes using the known invariant 
action formulas of the 4D superconformal tensor calculus. 

Actually this type of tensor calculus on an orbifold was first studied by Zucker. © How- 
ever, his tensor calculus is not a superconformal but, rather, a supergravity one, in which 
dilatation D and S-supersymmetry are already gauge-fixed. This fact (together with his 
choice of the linear multiplet for the compensator in the 5D bulk) lead to the inconvenient 
situation that a quite unfamiliar non-minimal version 0) of 4D Poincare supergravity is in- 
duced on the boundary planes. In our case, 4D superconformal symmetry is fully realized 
on the boundary planes. Then, it is clearly seen that the simplest 4D Poincare supergravity, 
'old minimal' version, is induced on the boundary planes if the hypermultiplet is chosen 
as the compensator in the 5D bulk. 

This paper is organized as follows. We first, in §§2 and 3, respectively, state the 5D and 
4D superconformal transformation rules of the Weyl multiplets and some matter multiplets. 
Comparing these transformation rules of the 5D bulk multiplets with the 4D transformation 
rules, as done by Mirabelli and PeskmS* in the rigid supersymmetry case, we identify in §4 
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all the basic 4D supermultiplets induced from the bulk field on the boundary. Then, in §5 we 
identify the 4D compensator induced from the bulk hypermultiplet compensator and explain 
how the brane action can be written down generally. This action gives superconformal invari- 
ant couplings of the bulk supergravity, Yang-Mills and matter fields to an arbitrary set of 4D 
matter fields on the boundary. Finally, in §6 we illustrate the procedure for writing invariant 
actions by considering the simplest case, in which the bulk is a pure supergravity system 
with U(1)r gauged and the boundary planes contain only tension terms. For convenience 
and to facilitate the practical use of the present tensor calculus, we add three appendices. 
The notation and conventions are briefly explained in Appendix A. Explicit expressions for 
the curvatures both in 5D and 4D cases are given in Appendix B. These make manifest the 
structure functions of the superconformal algebras in both cases. Previous results for the 
embedding and invariant action formulas in 4D superconformal tensor calculus are given in 
Appendix C in our present notation. 



§2. 5D superconformal multiplets 

Tensor calculus for 5D supergravity was first formulated by Zucker,© and later by the 
present authors© in a more complete form.B These formulations, however, do not con- 
tain conformal S supersymmetry (nor dilatation D symmetry in the case of the former), 
which leads to inconvenience when considering a general matter-coupled system, because 
we must carry out very tedious field redefinitions in order to recover the canonical Einstein 
and Rarita-Schwinger terms. & These tedious field redefinitions can simply be bypassed by 
choosing improved gauge fixing conditions of S supersymmetry and dilatation D symme- 
tries in the superconformal framework. In view of this, Bergshoeff et al.i^ have derived 
the Weyl multiplets in 5D superconformal tensor calculus, and almost simultaneously Fujita 
and Ohashi presented the full superconformal tensor calculus including matter multiplets 
and invariant action formulas in a paperl) that we refer to as I henceforth. We here restate 
the transformation laws of the Weyl and matter multiplets given in I. For the purpose of 
convenience, which emphasis on practical use, we here list the explicit expressions for the 
superconformal covariant derivatives and curvatures, which were omitted in I. 

2.1. 5D Weyl multiplet 

The 5D Weyl multiplet consists of 32 Bose plus 32 Fermi fields, 

e/, V£, V*, &„, v a \ X \ D, (2-1) 

* These are off-shell formulations of 5D supergravity. For on-shell formulations of 5D supergravity, 
which have been known for a long time, see Refs.fl8|) 
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Table I. Weyl multiplet in 5D. 



nelct 


type 


remarks 


CTT (Q\ 

dU{Z) 


Weyl-weight 




boson 


iunibein 


1 


— 1 




termion 


b U Major ana 


z 


1 

2 




boson 


real 


1 





yij 
V 


boson 


= = (v^y 


3 





Vab 


boson 


real, antisymmetric 


1 


1 


x i 


fermion 


SU(2)-Majorana 


2 


3 
2 


D 


boson 


real 


1 


2 


dependent gauge fields 




boson 


spin connection 


1 







fermion 


SU(2)-Majorana 


2 


1 

2 


i 11 


boson 


real 


1 


1 



whose properties are summarized in table |. We use a,b, ■ ■ ■ for the local Lorentz indices, 
/z, z/, • • • for the world vector indices and i, j = 1, 2 for SU{2). The first four fields e M a , ^* V^- 7 
and are the gauge fields for 'translation' P a , supersymmetry Q\ SU{2) Uij and dilatation 
D transformations, respectively. The other gauge fields, u fJj ab for the local Lorentz M ab , 
0^ for the conformal supersymmetry S l and f^ a for the special conformal boost K a , are 
dependent fields given by functions of the above independent gauge fields, as a result of the 
imposition of the following constraints on the P a , Q % and M a b curvatures, respectively: 

R,AP) = — > < 6 = u°; b + z(2^ T V ] + ri^ b ) - 2e,H b \ 

with ul ah = -2e u[a d { ^ b] + e^e 61< V«V„ c , 

V(M) = — //=(^ a -^eX)K 6 (M). (2-2) 

Here R^ a (M) = R^ u ba (M)e^, and the primes on the curvatures indicate that R' a \(Q) = 
R l a b(Q)\(f> l ,=o and R'^ a {M) = _R^ a (M)|^6 =0 . A constraint-independent treatment for these 
dependent gauge fields were given in I, but here we prefer to impose the constraints (2-2) 
explicitly, since this is simpler in practice. 

The full Q, S and K transformation laws of the Weyl multiplet are given as follows. 
With 5 = ^Qi + ffSi + i a K K a = 5 Q (e) + 6 s (v) + 5 K (&), we have 

5% = V^ + \v ab 1 , ab e l - 1 ,r 1 \ 
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8Vj> = -Qie^&J + Aie^-v^ - {s^x^ + 6^0?, 
Sv ab = -^abX - \isR ab {Q), 

5 X l = De l - 2 1 c 1 ab e i V a v bc + 1 -R{U) ^eP - 2 1 a e i e ahcde v bc v de + A 1 -vr l \ 

5D = -ispx ~ 8ieR ab (Q)v ab + ifj X , (2-3) 

where the fermion bilinears like fjip^, e~f ab x, etc. with their SU(2) spinor indices suppressed, 
always represent the northwest-southeast contraction 7f0 M j, ^^abXii etc. The dot product 
7-T for a tensor T ab ... generally represents the contraction ^y ab '"T ab .... The transformation 
rules of dependent fields, of course, follow from those of independent fields and are found to 
be 

5uj^ b = 2ieY% - 2ie 1 [a R b \Q) - te ltl R ab (Q) 
-2ier bcd ^v cd - 2tr ]1 ab ^ - 4^ [ % 6] , 
50; = Vtf - l^ bcV v bc + 7 W - & 7a ^ 

+ 7«e%° - ^e^X 1 ~ ^ie^laX' + ^ ( V 6 0? (R abj (Q) ~ ~^f1abXj) 
+ l(R^ j (U) 1 b -l 1 , T R i j (U))e^ 

- (3Val-Ve l + -fabcd&V ^ + -fabVcV^ - 2 1 bc E l V b V ca - 3^V 

-labcdee l v bc v de + 4v ab v cdl bcd e l + 16v ab v bc lc e + 5^7^) , 

= v^ a K - mi a <t>» + &m abc ^v bc + + ImsiQ) 

-lie^^ + ie lb <P,v ab - ^i^RbdjiU)^ 

-lie^^Avcd - ^V b v ab 

-f i£ 7 a 0^ 2 - fieTV^ 00 + pei abcde ^v bc v de 

+e b (\iepR b a {Q) - \ie^ a t> c R bc {Q) + ^5 a b ieR{Q)-v - \ie lbc R a d (Q)v cd 

- \iei a c R bd {Q)v cd + ±ie T vR b a {Q) + \ieR bc {Q)v ac ) . (24) 

Here the (unhatted) derivative is covariant only with respect to the homogeneous trans- 
formations M ab , D and U tj (and the G transformation for non-singlet fields under the 
Yang-Mills group G), while the hatted derivative denotes the fully superconformal co- 
variant derivative; that is, with denoting the gauge fields of the transformation Xa, we 
have 

v, = d,- J2 tfx A , v^ = v,- J2 K x *- ( 2 - 5 ) 

X A =M ab ,D,UH{,G) X A =Q',S',K a 
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Table II. Matter multiplets in 5D. 



field 


type 


remarks 


SU(2) 


Weyl-weight 


Vector multiplet 




boson 


real gauge field 


1 





M 


boson 


real 


1 


1 


& 
Y 


fermion 
boson 


S'[/(2)-Majorana 
Y ij = yii = {Y..y 


2 
3 


3 
2 

2 


Hyper multiplet 


Af 

C a 

TO 


boson 
fermion 
boson 


Ai = e»A] Pfia = -(Af)* 

C EE (( a )ho = C T C 

J? = M z ZAf, F a = 


2 
1 
2 


3 
2 

2 
•5 
2 


Linear multiplet 


l}3 


boson 


L ij = L ji = ( L ..y 


3 


3 


E a 


fermion 
boson 


S U{ 2 ) - Ma j or ana 
real, constrained 


2 
1 


7 

2 

4 


N 


boson 


real 


1 


4 



The explicit forms of the curvatures R^ U A = e^e^[D a , V b ] A are given in Appendix B. The 
covariant derivatives appearing in Eqs. (2-3) and (2-4) are given explicitly by 

V,e l = (d, - \u, ab lab + \b,) e* - Vj^, 
ZW = (fy - l^ a6 7 o6 - \*») r? ~ Vjrf, 

T ) fJ ,v ab = + 2u fl[a c v b]c - bv ab + |^7a6X + ^i$nRab(Q), 

V»x l = V»x l - ^ + 2 7 c 7 a6 <A^c - TR(Uy^i + 2 7 >;e abcde t;S de - 4 7 -W>;, 
= (fy " |^ a6 7a6 - §6 M ) X 4 - • (2-6) 

2.2. Matter multiplets in 5D 

We here give the transformation rules for three kinds of matter multiplets: vector multi- 
plets, hypermultiplets and linear multiplets. The components of these multiplets and their 
properties are listed in Table |TJ. 
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2.2.1. Vector multiplet 

All the component fields of this multiplet are Lie-algebra valued. For example, the first 
component scalar M is the matrix M a p = M 7 (t/) Q / g, where the tj are (anti-hermitian) 
generators of the gauge group G: [ti, tj] = —fu K tK- The Q and S transformation laws of 
the vector multiplet are given by 

SW^ = -2ie^f2 + lie^M, 
5M = 2ief2, 

SQ i = -l^p^iWy - \fMe l + Y i j e j - Mr?, 

5Y ij = 2ie {i fO j) - ie {i 7-vf2 j) - {e^x^M - 2ige (i [M, Q j) \ - 2i^ l Q j \ (2-7) 

where the full covariant field strength F^ U (W) and covariant derivatives are given explicitly 
by 

F^W) = 2dfrW v] - g[W^ W v \ + U^ lv] Q - 2i^ v M, 
V^M = (dp - b^M - g[W^ M\ - 2i^f2, 

= Vytf + \l-F{W)^ + \TpM^ - y>j + M0;. (2-8) 

Note that the gauge coupling constant g used in this paper is a symbolic notation; it repre- 
sents different values for different factor groups when G is not a simple group. 

2.2.2. Hypermultiplet 

The hypermultiplet in 5D consists of scalars A", spinors ( a and auxiliary fields Tf. They 
carry the index a (= 1, 2, • • • , 2r) corresponding to the representation of the gauge group 
G', which is lowered (or raised) with a G'-invariant tensor p a p (and p a/3 with p 7a p 7/ 3 = 6p) 
as Ai a = AiPp a . This multiplet gives an infinite dimensional representation of the central 
charge gauge group U(l)z, which we regard as a subgroup of the full gauge group G = 
G' x U(l) z . 

The Q and S transformation rules of A? and ( a are given by 

5A? = 2te t C, 

S( a = fA]e j - -f-ve 3 AJ - M,AJe j + 3 Ay, 
bTt = 2 i e t (aZ( a ) + ^ef2°F«, (2-9) 

where 9* = M*, i?*, • • • represent the G transformations with the parameters 9 including the 
central charge transformation, 5q(0) = d~G>(9) + 5z(9°); more explicitly, e.g., 

M*A? = 5 G ,{M)A? + 5 Z {M° = a)A? = £ gM 1 ^^ + aZA? . (2-10) 

i=i 
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Here, Z is the generator of the U(l)z transformation. The U(l)z transformation of Af 
defines an auxiliary field Tf = azZAf, where a is the scalar component of the U(l)z 
vector multiplet V° = (M° = a, W°, Q°\ y°^)J3 The U(l) z transformations of the other 
components, Z( a and ZJF", are defined by requiring 

= fC + \l-vC - \x'Af + MX a - 2f2lAf, 
= -V a V a Af + M*M*Af 

Note that T> IJi ( a an d M*( a contain the central charge transformation terms —W®Z( a and 
aZ( a , respectively, and that both V a V a Af and M*M*Af contain ZJf = aZ(ZAf). Hence 
these conditions (2-11) indeed determine the Z( a and ZJ 7 ?. 

The explicit forms of the covariant derivatives T>,Af and 'D I1 C° L are given by 

V,Af = (d, - §&„) Af - V^A* - gW,%A? - W^T" - 2i^C , 
AC = ~ fAffi + j-v^A] + M*Ayl - 3A^ , 
with V,C = (d, - \u„ ah lah - 2b,) C ~ gWfptf - W°Z( a ■ (2-12) 

For completeness, we also give an explicit form for T> a T> a Af, which can be obtained by using 
the formula (2-31) in Ref. §, 

5(e)V a <P = s A X A (V a 4>) = e A V a {X A <t>) ~ e A f a A S X S (f ) . (2-13) 

If we note that £ A f a A B m the last term is equal to the terms containing no gauge fields in 
e^6(e)h^ (i.e., terms proportional to the vielbein in 5(e)h^), we easily find 

V a V a Af = (d a - f b a ) (V a Af) - e^ ab (V b Af) - V\p a A ai - gW aa p V a A? 

- W 0a V a (im - 2i$V a ( a - 3e£/„M? - \ii>a(il a Xi)A aj 

- 2ig4, al a n%A? - 2^7°^°^? - i4>tla bc Cv bc - 2i4> a ila C ■ (2-14) 

2.2.3. Linear multiplet 

The linear multiplet consists of the components listed in Table [TT] and may generally carry 
a charge of the gauge group G. 

The Q and S transformation laws of the linear multiplet are given by 

5L lj = 2ie {i <p j) , 

* We used the notation to denote the gravi-photon field W° in previous papers. However, we here 
use W° instead, since A, is used to denote the £7(1) gauge field of the 4D superconformal group. 
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5ip i = -pit's, + \i a e l E a + + 2 1 -ve j L lj + M,L ij £j - 61?%, 
5E a = 2iej ab V b cp - 2iej abc cpv bc + Qie^v ah + 2ie-f a M^ - 4^V J?^ - 8ifjj a (p, 
5N = -2iepcp - Ziej-vcp + ^i 'y'L,, + 1/ : '/^7-,, - (2-15) 

with 6* defined above in Eq. ( |2-10| ). The closure of the algebra demands that E a satisfy the 
following Q- and S*-invariant constraint: 

V a E a + M,N + U&tp + 2Yt i L ij = 0. (2-16) 

§3. 4D superconformal tensor calculus 

The N = 1 4D formulation of superconformal tensor calculus has been known for a long 
time.LrLL-r Here we cite the results, mainly following Kugo and Uehara0)>§) m 

the present notation. However, strangely enough, the transformation rules for the multiplets 
that carry the gauge group charges have not previously been given in the literature. Our 
expressions given here are also valid for such cases. 

3.1. Weyl multiplet 

The 4D superconformal group consists of the usual bosonic conformal transformations, 
P a , M a b, D and K a , plus a bosonic U(l) symmetry A and fermionic Majorana Q and S 
supersymmetries. For simplicity of notation, we use the same symbols for the gauge fields, 
curvatures, etc., in 4D as in 5D, although they, of course, denote different quantities. From 
this point, the world vector indices /i, u, ■ ■ ■ and Lorentz indices a,b, ■ ■ ■ are considered to run 
only over 0,1,2 and 3. We attach a superscript indicating the dimensions, "(4)" or "(5)", 
when the distinction is relevant. The Weyl multiplet in 4D consists of 12 Bose plus 12 Fermi 
gauge fields and no 'matter' fields: 

e/, Vm> A- b ^ (3' 1 ) 

where is the gauge field for the U(l) transformation A. In this 4D case, the M a b, S 
and K a gauge fields uj^ ab , M and f^ a are also dependent fields, as stipulated by the usual 
constraints, 

Rab C (P) = 0, l b Rab{Q) = 0, Rab(M) - \k ab {A) = 0, (3-2) 

where the tilde denotes the dual tensor F a b = e a bcdF cd /2. The solution for the spin connection 
io ab to the first constraint takes the same form as that in 5D given in Eq. (2-2). The solutions 
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for M and f^ a to the latter two constraints have coefficients that differ slightly from those 
in 5D, given in Eq. (2-2), and are given by 

<P, = -^ a R' m (Q) + ^ ab R' ab (Q), 

U a = \K a ( M ) - " ^/i?'(M) . (3-3) 

The Q, S, K a and A transformation laws of the gauge fields are given as follows. With 

6 = 6 Q (e) + 6 s (ri) + 6 K (&) + 6 A (e), 

fo/V = V^e + ry^r? + ^75^, 
5b fl = -2e0 M + 2# M - 2£ Kli , 
5A^ = 4ie7 5 M - Aifrfs^n + 9^9, 
5co, ab = 2e 7 a VM - ^e lfl R ab (Q) + 2^^- 4&e, b \ 

= + i la ef^ a - i^Kla^ + i-feR^A) - \-f-y 5 e R^A) - §^ 7 5<^ 
&U* = v ^k - Mfrfh ' ie^V^iQ), (3-4) 
where the covariant derivatives of transformation parameters are defined by 

V^e = (dp - \u)^ ab ^ ab + - |«75^) e, 
V»V = (dp - \uj^ ab -f ab - + fr^A*) 77, 
^ = (^-Wa-<U (3-5) 

3.2. Matter multiplets 

3.2.1. Gauge multiplet 

A multiplet that contains the gauge field of a gauge group G is a gauge multiplet 
[B 9 , X 9 , D 9 ]. The Q, S and X transformation laws are given by 

bBl = -ie^X 9 , 

SX 9 = -\^-F(B 9 )e + i lb eD 9 + §0i 75 A s , 

SD 9 = e-f 5 f\ 9 , (3-6) 

where F flu (B 9 ) (= R^G)^ is a super-covariantized field strength given by 

F, V {B 9 ) = 2d [tI B 9 u] - [B«, B 9 } + 2%7,]A 9 , 
V,X 9 = V,X 9 + \ T F{B°)^ - t l5 ^D 9 , 

with V^X 9 = - ^/ b 7a6 - §6„ - f ^ 75 )A S . (3-7) 
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Table III. Weyl and Matter multiplets in 4D. 



field 


type 


remarks Weyl-weight 


Wyle multiplet 


p a- 


boson 


real 


-1 




fermion 


Majorana 


1 

2 




boson 


real 





K 


boson 


real 





Complex (real) general multiplet 


C 


boson 


complex (real) 


w 


c 


fermion 


Dirac (Majorana) 


, 1 

w + 2 


H, K, B a 


boson 


complex (real) 


W + 1 


A 


fermion 


Dirac (Majorana) 


w + \ 


D 


boson 


complex (real) 


w + 2 




gauge 


multiplet {w = n = 0) 




B l 


boson 


adjoint rep. 





X 9 


fermion 


Majorana, adjoint rep. 


3 
2 


Da 


boson 


adjoint rep. 


2 


chiral multiplet (w = n) 


A 


boson 


complex 


w 


X 


fermion 


Majorana 


, 1 

w + 2 


T 


boson 


complex 


W + 1 


real linear multiplet (w — 2, n — 0) 


C L 


boson 


real 


2 


C L 


fermion 


Majorana 


5 
2 


B L a 


boson 


real, constrained 


3 



As is well known in the rigid supersymmetry case, this gauge multiplet is embedded into a 
superfield strength multiplet W a , a chiral multiplet with an external spinor index a, whose 
first component is A^. [See Ref. 0) for discussion of superconformal multiplets with external 
Lorentz indices.] 

3.2.2. Complex (or real) general multiplet $ 

A maximal unconstrained multiplet whose first component is a complex scalar C, is called 
a 'complex general multiplet'. Its full components are listed in Table [Til]. The dilatation and 
£7(1) transformations of the first component C define the Weyl and chiral weights, w and n, 
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of the multiplet, 

5 D {X D )C = wX D C , 5 A {6)C = \nOC , (3-8) 

and the multiplet is characterized by these weights w and n. When the chiral weight van- 
ishes (n = 0), the complex general multiplet decomposes into two irreducible real general 
multiplets, whose components are all real or Majorana fields. The transformation laws of 
the complex general multiplet are given as follows (with those of the real general multiplet 
obtained by simply setting n — 0): 

5C = ie^^C + \inQC, 
5( = (i lb H -K + iB + fC lb ) e 

+2i(n + wy 5 )Cr) + [^in - ^75) 9(, 
5H = e-f 5 f( + eijsX -fj((w- 2)i lb + in)(+ (jinH + \k) 9, 
5K = iefC -eX-fj((w-2) + n 7s ) C + (\inK - \h) 6, 
5B a = -eb a C - ie-i a X 

-if] ((w + l) + n7 5 ) 7 a ( + \in9B a + 2ni^ Ka C, 
5X = — Ip-Pe + i^^eD 

+ (i lb H + K -iB- fC lb ) (w + n l5 )r] 

+ (|m + |ry 5 ) 6X + i(w + n7 5 )^7oC, 
SD = E^TpX + \inOD 

-rj(w l5 + n)f( ~ 2ifj(w-y 5 + n)X + 2wt a K V a C + 2mC K B a , (3-9) 

where F a b is a field-strength-like quantity given by 

F ab = 2V [a B b] + \e ahcd \V\ V d ]C. (3-10) 

To this point, this general multiplet has tacitly been assumed to carry no extra charges. If it 
carries charges of the gauge group G, the transformation rules are slightly modified. First, 
the G-covariantization term — 5g(B^) should also be included in the full-covariant derivative 
Vp. Second, the following terms should be added to the above transformation laws (3-9): 

A[5B a ] =E lbla XlC, 
A[5X] = -sD%C + re^KlaC + l^X^C , 
A[5D] = e l5l a KB a + iep(KC) + eD% , (3-11) 

where 6* = (Af, Df) denotes the G transformation, 6*$ = 5g(0)$- 
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3.2.3. Chiral multiplet £ 

The chiral multiplet E = [A, V rX , F\ CPr = |(1 + 75)) can exist when w = n, and 
the anti-chiral multiplet £* = [A*, Vl X , where Vl = 2(1 ~~ 75)? when w = —n. Their 
embedding into the complex general multiplet is given by 

<P(£) = [A, -iV rX , iAA, -2tV L KA, -iD°A], 

${E*) = [A*, iVlX, -F*, -W a A\ %V R \%A\ iD°A*] . (3-12) 

The transformation laws of these multiplets can be read from those of <P as follows: 

5 A = eV R x + %wOA, 
S(V RX ) = V R [-lip As + 2Te - AwA V + \{w - \)6 X ) , 

bT = -iep(V RX ) + 2eP L \iA + 2(w - l)fjV RX + \{w - 3)6F . (3-13) 

3.2.4. Real linear multiplet L 

This multiplet, which is denoted by L = [C L , ( L , B%], can exist only in the case that the 
weight is w = 2, n = 0. The vector component B% is subject to the constraint 

= V a B L a - DIC L + \% L . (3-14) 

Interestingly, this constraint is solvable in the case that this multiplet that G-inert or the 
matrix D% is invertible. This multiplet is also embedded into the real general multiplet in 
the form 

<P(L) = [C L , C L , 0, 0, B L a , if>( L , V a V a C L - iA? 75 C L ]- (3-15) 
The transformation laws of the components can also be read from those of <P. 

§4. Identification of iV = 1, d = 4 supermultiplets at the boundary 

We must treat 5D and 4D fields simultaneously from this point. We use the vector 
indices is, • • • and a, b, • • • as the 4D indices running over 0, 1, 2 and 3, and write the fifth 
component as y for world vector and as 4 for the Lorentz vector. For instance, a 5D vector 
is written (V^, V y ) or (V a , V 5 ). 

From the viewpoint of the four- dimensional boundary plane, any supermultiplet in the 
5D bulk is reducible to an infinite number of supermultiplets of 4D superconformal algebra. 
We here identify all the basic 4D supermultiplets that each contains at least one bulk field on 
the boundary without derivative d y (with respect to the transverse direction y) as a member. 
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4.1. 4D Weyl multiplet from a 5D one 

The fields are classified as even and odd fields under the Z 2 parity transformation 
y = x 4 — > —y. The Z 2 parity eigenvalue iI(</>) = ±1 is defined by 

<P{-y)=n{<P)<P{y). (4-1) 

For Si7(2)-Majorana spinor fermions ip l (i = 1,2), however, the Z 2 parity transformation 
mixes the two components ip 1 and ip 2 as 

ij> i (-y) = n{1>) 7s M i j ijt{y), (4-2) 

where M*j is a 2 x 2 matrix satisfying M* = —a 2 Ma 2 , where M = 03 in our convention. 
We therefore define the combinations of spinors 

which give the Z 2 parity eigenstates 

V±(-i/) = ±nty)il> ± (y), (4-4) 

also satisfying the 4D Majorana property = (ip±Y'j = 

The Z2 parity eigenvalues are assigned to fields by demanding the invariance of the 
action and the consistency of both sides of the superconformal transformation rules. We 
list in Table the Z 2 parity eigenvalues for the Weyl multiplet fields and Q- and S- 
transformation parameters e and 77, where the 'isovector' notation t = (i 1 ,^ 2 , i 3 ) is used, 
which we generally define for any symmetric SU(2) tensor [satisfying hermiticity t 1 ^ = 
(tij)*) according to 

t j {^t h e kj )=it-a i j . (4-5) 

The even parity fields are non- vanishing on the 4D boundary planes at y — and y = y and 
can form 4D superconformal multiplets there. In four dimensions, the parameters of the Q 
and S supersymmetry transformations are both 4-component Majoranas. In accordance with 
this, half of the parameters of 5D the Q and S supersymmetries vanish on the boundaries, 
with only e + and 7/_, respectively, remaining non- vanishing. These non- vanishing parameters 
are indeed the Majorana spinors. 

First of all, the 4D superconformal Weyl multiplet is induced on the boundary planes 
from the 5D bulk Weyl multiplet, and the multiplet members can be identified as follows, 
comparing the superconformal transformation laws in 4D and 5D cases; that is, the following 



(V = ^V>) (4-3) 
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Table IV. Z2 parity eigenvalues c3 



Weyl multiplet 


n = +1 


ej' VVh V>v-> £ +> & m> Vy 1 ' 2 , t» 4a , x+, £> 


n = -1 




Vector multiplet V 


n v 


M, W y , Y 1 ' 2 , Q- 


-n v 


W„ Y 3 , Q + 


Linear multiplet L 




L 1 ' 2 , N, E\ v+ 


-n L 


L 3 , E a , <p_ 


Hypermultiplet H 


n & 


A2&—1 a2& -rfia-l -rta fa 
Si- i=l j %=2i J i=2i * i=l) S- 


-n & 


yj2a: — 1 A2a ■r:2a—\ ■7r2d fa 
s\ i=2j i=l; i=l; i=2) 



5D fields on the right-hand sides can be seen to transform in exactly the same way as the 
4D Weyl multiplet obeying the superconformal transformation rule (3-4). (Noting that the 
5D fields are always understood to be those evaluated at the boundary, y = or y, in the 
relations between the 4D and 5D cases): 

^ )ab = <\ 4 4) = I (K + V) > 

<j>ft- ~ 757°*WVf + Mix-, 



ti 4)a = L a ~ tu + A<f> a + *U a (4-6) 



1-1 

'Ac 

I LI J LI YLl+^Y I "JjU 

with A(j)fj, and Z\/ M a given by 

Af, a = -|e/ 6c (P 6 u c4 + |4 C 3 (V)) + i^ 4 a4 (M). (4-7) 

Note, however, that the 4D Q supersymmetry transformation Sq\e) here is identified with 
the linear combination of 5D transformations at the boundaries 

5^\e = e+) = 5 Q (s + ) + 6 s (j 5 j a v a ,e + ) + 5 K (e + A<p a ), (4-8) 

and the other 4D superconformal transformations, the U(l) transformation 5^(6), S super- 
symmetry transformation S^\rj), etc., are identified as 

5f(9 = \6 3 ) = 5u(6% 4% = r?_) = 5 S ( V -), 
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4 4) (P) = Snip), S$(\ ab ) = 5 M (X a % = 5 k (Ck)- (4-9) 

With these identifications of the fields and superconformal transformations, we have the 
following relation between the superconformal covariant derivatives in 4D and 5D: 

V<?> =V a - S U3 (v a4 ) - 6 s {A<f> a ) - 5 K (Af a b ). (4-10) 

If we regard this equation and [D a , V b ] = —R ab A X A as holding in any dimensions, we can 
most easily find the expressions (4-7) for Z\0 M and Af^ a . Indeed, comparing the coefficients of 
Xa = Q\ M ab and U 3 on both sides of the commutators of Eq. (4-10), we straightforwardly 
find the relations between the curvatures in the 4D and 5D cases: 

R<$(Q)=R ab (Q) + -2 lla A ( f> b] , 
R$ cd (M) = R ab cd (M) + SAf^, 

\R { 2{A) = R ab \U) + 2V [a v b]i . (4-11) 

Applying to these relations the constraints on the Q and M ab curvatures in both cases, we 
immediately find the above expressions (4-7) for Acj)^ and Af^. 

In addition to this 4D Weyl multiplet, the 5D Weyl multiplet also induces a 4D 'matter' 
multiplet. Indeed, the extra dimensional component e y of the fiinfbein is also non- vanishing 
on the boundaries and is S- and iC-inert, so that it can be the first component of a su- 
perconformal multiplet. It turns out to be a general multiplet W y with Weyl and chiral 
weights (w,n) = (—1,0). The identification of the multiplet members is given by 

W y = (C,C,H,K,B a ,X,D) 

= (e$, -2^-, -2V y \ 2V y \ -2v ayj f^X+e/ + 2<J> y+ + 2 757 Wy-, 

(\D - (v aA ) 2 )e y 4 - 2f y 4 + jx+TfeVV-J- (442) 

These fields transform according to the general multiplet transformation rule (3-9), provided 
that the covariant derivatives T>^ appearing there are understood to be given by 



Vfi> y - = + [-V y l - i^V y 2 - + i(^ (4) ej) 75 ]^ + - ie^f - d y ^_ 

= R liy {Q)_ + il^ y + + ilsl a Vail^ y -i (443) 

with the 'homogeneous covariant derivative' = d^ — Sm(^) — Sn{b/j,) —5a{A^) covariant 
only with respect to the homogeneous transformations M ab , D and A. The last terms, —d y e 4 



16 



in Vjfiey and —d y ip^-. in V^ip y _, are unusual and appear as a result of the fact that e y and 
ip y - carry strange 'new' charges, as we now explain. 

Generally, if a 5D local transformation parameter A(x, y) is Z2-odd, it vanishes on the 
boundary. However, its first derivative with respect to y, d y A(x,y), is Z 2 -even and gives 
a non- vanishing 4D gauge transformation parameter d y A(x, 0) = A^(x) on the boundary. 
Therefore, for the Z2-odd parts of the 5D superconformal transformation parameters, there 
exist the corresponding 4D gauge transformations with parameters given as follows: 





of GC transformation P 




= ^(ar,0), 


£_ 


of Q supersymmetry 


-> e^(x) 


= 0„e_(a:,O), 




of SU(2) transformation U - 


- 0${x) 


= d y 6 h2 (x, 0), 


A. 4 


of local Lorentz M 


- A«(x) 


= 9 y A a 4 (x, 0), 


V+ 


of S supersymmetry 




= d y rj + (x, 0), 




of special conformal K 




= ^(x,0). 



(4-14) 



The general multiplet W s in Eq. (4-12) transforms non-trivially under these transforma- 
tions. Under the first £W transformation, every member of W y undergoes a common scale 
transformation, 

SW y = e (1) W„ (4-15) 

and many members of W y are shifted inhomogeneously as Nambu-Goldstone fields under 
other transformations: 

SW y = (0, -2 £ « -29?, 29[ 1 \ 0, 2^\ -2$ + fs^W)- (4-16) 

We find the gauge fields for these transformations to be 

Ej» = (e/)~%e^ for 

= - Eftyy. for e« 

K (1)1 - 2 - for e§, 14-1 



The last terms —d y e^ in V^e^ and —dyip^- in V^ip y _, in Eq. (4-13) can be understood to 
be identically the terms that appear as the gauge covariantization —S^i)(E^) — 6 e m{il>}p) 
using these gauge fields Ejp and -i/^- 

Since the general multiplet W y transforms non-trivially under these gauge transforma- 
tions ( |4-14 ), the utility of the multiplet W y is rather limited. If we wish to use it in con- 



structing 4D invariant actions on the brane with the other multiplets, we must satisfy the 
gauge invariance also under the transformations ( |4T4 ), which seems a non-trivial task. 
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4.2. From a vector multiplet 

We define the Z 2 -parity Fly of the vector multiplet V = (M, W^y, Q\ Y tj ) to be that 
of the first scalar component M. The Z 2 -parity quantum numbers of the other members are 
given in Table [IV]. 

If a vector multiplet V is assigned odd Z 2 -parity IJy = — 1, then the components W^, 
Q + and Y 3 are even and non-vanishing on the brane, and it gives a 4D gauge multiplet 
(B 9 , X 9 , D 9 ) defined in Eq. (3-6) with (w,n) = (0,0) with the following identification: 

(B 9 , X 9 , D 9 ) = (W„ 2f2 + , 2Y 3 - V A M). (4-18) 

This implies that, if By = — 1, the bulk Yang-Mills multiplets can also couple to the matter 
multiplets on the brane as the 4D Yang-Mills multiplets. 

If a vector multiplet V has even Z 2 -parity, ZZy = +1, then we can identify the following 
real general-type multiplet with weight (w,n) = (1,0), whose first component is M: 

(C, C, H, K, B a , X, D) 

= (m, -2i lb Q., 2Y\ 2Y 2 , F a4 (W) + 2v a4 M } 
-2V A Q + + 2*7^4^- - |75X+M, 

t>\M - 2V 4 Y 3 - \DM + v\{2F aA {W) + v a4 M) + ~X+tt\ . (4-19) 

The field D in the term -|DM is the auxiliary field D in the 5D Weyl multiplet. 

In the latter case of Fly = +1, we can construct a 4D chiral multiplet with weight 
(w,n) = (0,0): 

A=\(W y + ie\M), 

X = 2ij y _M + 2ieJ 75 fl_ , 

T = (V y l + iV 2 )M - ie\(Y x + iY 2 ) - $ y _{l + lb )Q_ . (4-20) 

However, this multiplet is also of limited utility because of its non-trivial transformation 
properties under the gauge transformation = d y A(x, 0) as well as the above ^\ 6^ 
and 6^ transformations. 

4.3. From a hypermultiplet 

A hypermultiplet H a = (Af, ( a , Tf) (a = 1,2, • • • , 2r) generally splits into r pairs 
(H 2a ~ l , H 2a ) (a = l,2,---,r) in the standard representation,© in which p a p — e ® l r . 
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Then, the following 2x2 matrix of (A 2a , A 2a ) for each a possesses the same real structure 
as a quaternion q = q° + iq 1 + jq 2 + kq 3 mapped to a 2 x 2 matrix: 



<-> q 1 2 — iq ■ a = \ 

A 2a ^ A 2a { -n / " + 1 q° + iq 3 



i=l ^ j=2 / 

The matrix element fields of this matrix and those of the similar matrix (J r2a ~ 1 i,J r2a i) for 
the auxiliary fields give the Z 2 parity eigenstates. For spinors, the pair (C 2a_1 , ( 2a ) for each a 
satisfies the same realness condition as the ,S77(2)-Majorana spinor ip l = (ip 1 , ip 2 ), so that we 
can define the ^-parity eigenstate 4D-Majorana spinors in the same way as in Eq. ( |4-3|) ; 

CJ = C? -1 + Ct & and e = i(Ct & - 1 + Ct)- 

Then, if the 1-1 component A 2a ~^ = \ has Z 2 -parity /7&, the Z 2 -parity quantum numbers 



of the other hypermultiplet members are given as listed in Table [TV]. For either choice of 
the Z2 parity assignment i7„ = ±1, we obtain the following 4D chiral multiplet with weight 
(w,n) = (3/2,3/2): 

(A, X R, F) = (A 2 t 2 , -2i(l & , {iM*A + AA) 2 t x ) , 

(A, xr, T) = (A 2 *; 1 , -2iC™~\ {iM*A + AA) 2 ^ 1 ), (4-22) 

for II & = ±1, respectively. Since M*Af = gM 1 (tj) a pA^ + J 7 ?, the jF-components of these 
chiral multiplets contain the components of the hypermultiplet. 

4.4. From a linear multiplet 

The Z2 parity quantum numbers for the linear multiplet L = (U\ if 1 , E a , N), are listed 
in Table |TV[ 

In the case II l = +1, we can identify the following 4D chiral multiplet with the weight 
(w,n) = (3,3) on the brane: 

(A, x, F) = (-L 1 + 1L 2 , 2(p + , 1{N + iE 4 ) - V 4 L 3 - iM*L 3 ). (4-23) 

In the case H l — — 1, the scalar component L3 is no n- vanishing on the brane. Since it is S- 
and K -inert and carries Weyl and chiral weights (w,n) = (3,0), there is a 4D general-type 
real multiplet with weight (w,n) = (3,0) starting with L 3 . We identify the components 
other than the last D component as 

(C, C, H, K, B a , A, D) 

= (L 3 , -tp_, -M*L 2 + V 4 L\ M,L l + V 4 L 2 , -\E a + 2v ai L 3 , 

V .(4) 1 

-lp V 2 - + «75^4^+ + M*(f + - 757 a ^a4V 2 - 

- IQ^L 1 + 2i l5 Q^L 2 - \ lbX+ L\ ■■■)■ (4-24) 
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§5. Compensator and general brane action 

As is well known, we need not only the Weyl multiplet but also a special matter field called 
a 'compensator' in order to derive the superconformal invariant supergravity actions. The 
compensator multiplet is used to fix the extraneous gauge freedoms of the superconformal 
symmetries, like D, A and S, as well as to saturate the required Weyl and chiral weights 
when applying the invariant action formulas. 

The most common formulation in the 4D case is called 'old minimal' supergravity, 
where the compensator used is a chiral multiplet U with weight w — n — 1. The general 
superconformal invariant action in 4D is given by 



Sbrane = / d 5 x [5(y) + 5(y - 



E jj e K{s,s)-\ + \ flJ (s)W Ia Wl\ p + \S 3 W(S)} Y (5-1) 



D 



F 



where K(S, S) and W(S) are Kahler potential and superpotential functions, respectively, 
and [■ ■ -}d and [■ ■ -}f represent the D-term and F-term invariant action formulas in the 4D 
superconformal tensor calculus, 0* explained in Appendix C. The quantities Si are the 4D 
chiral matter multiplets with weight w = n = 0, and denotes the superfield strength of 
the 4D Yang-Mills multiplets V 1 . Both of these chiral and gauge multiplets, S and V, may 
be genuine 4D multiplets existing solely on the brane or induced multiplets on the boundary 
from the 5D bulk multiplets. 

The 4D Weyl multiplet used in expressing the action formulas in Eq. (5-1) should, of 
course, be the induced Weyl multiplet found in the previous section. Since gravity is unique, 
we cannot add a genuine 4D Weyl multiplet on the brane in addition to the induced one. In 
the same sense, we cannot add a genuine 4D compensator on the brane in addition to that 
induced from the bulk compensator fields. 

Let us now identify the 4D compensator induced from the 5D bulk compensator. The 
most useful and common choice of the 5D compensator is the hypermultiplet, which we 
discussed in Ref. ||). Consider the simplest case of a single-quaternion compensator (p = 
1) in which the hypermultiplet compensator is given by H a = (Af, C a ; Pf) (o> — 1, 2). 
Then, as seen in the previous section, this hypermultiplet gives the 4D chiral multiplet 
S c = (A c , Xci J~c) with weight (w,n) = (3/2,3/2) on the brane, assuming the Z 2 parity 
assignment II a = +1: 

A _ Aa=2 

E c : { XcR = -2<£ =2 • (5-2) 

T c = iT?=? + ig{MA)1=i+ViAt=l 
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Since this multiplet E c carries Weyl and chiral weights w = n = 3/2, we should identify 
E^ 3 with the 4D chiral compensator with w = n = I induced on the brane. Note that, 
if the 5D superconformal gauges are fixed, for example, by the conditions 

D, U ij : 

\ U LI 

(5-3) 

in the bulk, then, these yield the conditions 

D, A : A=l, S : X = 0, (54) 

on £ = S^ 3 = (A, Xi on the boundary. These are the same 4D superconformal gauge fix- 
ing conditions as imposed on the usual chiral compensator in the case of a pure supergravity 
system. 0) 

This brane action (5-1) gives superconformal invariant coupling between the 4D matters 
on the brane and the 5D bulk fields through the induced Weyl, Yang-Mills and compensating 
multiplets. 



§6. Altendorfer-Bagger-Nemeschansky approach 

We next illustrate how the action is given for the bulk-plus-brane system by considering 
the simplest case, in which the bulk is a pure supergravity system with U(1)r gauged, and 
the brane contains only the tension term. This is the system that was first constructed by 
Altendorfer, Bagger and Nemeschanskyll' in an attempt to supersymmetrize the Randall 
and Sundrum© scenario. 

In our off-shell formulation, the system contains a 5D Weyl multiplet, the hypermul- 
tiplet compensator H a = (A%, ( a , J 7 ?) ( a — 1> 2) and a vector multiplet V = (M° = 
a, W®, K 0y ) coupling to the central charge Z of the hypermultiplet. Note here that 
this central charge vector multiplet Vo is simultaneously the U(1)r gauge multiplet coupling 
to the ?7(l)i?-charge which is in general represented by a 2 x 2 matrix (tn) a b acting on the 
group index a = 1, 2 of H a : 

t R = tQ-a = i{Q 1 a 1 + Q 2 a 2 + Q 3 a 3 ), \Q \ = 1. (6-1) 

Here, Vo can be made to play such a double role if we add a 'mass term' mrf h ' Ly L {y§ • 
L(H a ,Hb)) to the Lagrangian with a symmetric tensor r] ab related to the U(1)r generator 
tR by 9R,{tR) ab = mr] ab /2. (Here, £vl(V ■ L) is the invariant V-L action formula [Eq. (4-5) 
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in I], and L(H a , H' b ) is the embedding formula [Eq. (4-3) in I] of two hypermultiplets H 
and H' into a linear multiplet.) The bulk Lagrangian is given in the form 

-2C VL (V ■ L(H a , ZH b + lm Vb c H c )) + C VL (V ■ L(-cV 2 )), (6-2) 

where ZH a is the central-charge transformed hypermultiplet whose first component is 
ZA a i = ^i/a, and L(-^fjjV I V J ) denotes generally the embedding formula [Eq. (4-1) 
in I] of vector multiplets V 1 into a linear multiplet based on the homogeneous quadratic 
function f(M) = ^f IJ M I M J . The quantity Cvl(Vq • L(—cVq)^ here thus corresponds to 
the choice of f(a) = —ca 2 and to the action with 'norm function' Af(a) = ca 3 , where c is 
a constant coefficient. The explicit component form of the action (6-2) can be read form the 
general expression given in Ref. |5[). The extraneous gauges are generally fixed by the gauge 
conditions 

D : Af =1, S: Q H Mi = 0, K : V a Af = . (6-3) 

The first D gauge-fixing condition Af = ca 3 = 1 may equivalently be replaced by A°;A l a = 
—2, thanks to the auxiliary field equation SS/SD oc A°~A % a + 2Af = 0. Similarly, if we use 
the equation of motion 5S/5x % ^iCa = 0, the S-gauge condition A/}i?/ = is 

equivalent to AlQ a = 0. Then, imposing also A1 oc 5? as the Z7 lJ gauge- fixing conditions, 
these conditions reproduce the previous gauge-fixing conditions (5-3). The kinetic term 
-(1/A)F 2 U (W°) of the gravi-photon field W° has the coefficient -(l/2)Af(d 2 \nAf/da 2 ) in 
the action, & so that it is properly normalized if the constant c is chosen to satisfy ca = 2/3. 
Together with the D gauge condition Af = ca 3 = 1, this determines a = J 3/2 and c = 



2/3) 3 . The cosmological constant in the bulk is found to be — (8/3)gj i a 2 = —Ag^.a 
Note here that the consistency of the U(1)r symmetry with the Z2 parity requires Q 3 = 0. 
0^ This can be seen if we consider the two terms in the covariant derivative, 

V,A1 = d,A« - g R W°(t R y b At + ■■■ (6-4) 

Recall that the scalar component M° = a of the central charge vector multiplet is Z 2 -even, 
so that the vector component W® is Z 2 -odd, as seen in Table IV. Since W° is Z 2 -odd and 



Al =1 and A^ =2 carry opposite ^-parity, the first and the second terms in Eq. (6-4) can 
have the same Z2 even-oddness if and only if t R possesses only off-diagonal components. In 
other words, £r = i{Q 1 ai + Q 2 cr 2 ) with no cr 3 component. (If the coupling constant g R were 
lifted to the Z2-odd field, as in the Gherghetta-Pomarol^ and Falkowski-Lalak-Pokorski 
(GPFLP) approach, then the gnWa P ar t would become Z2-even and t R would be 

diagonal so that t R = icr 3 .) After the SU(2) gauge is fixed in the bulk by the condition 
Ai oc Sf, the U(1)r gauge transformation is modified into the combined (diagonal) U(l) 
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transformation of the original U(1)r and SU(2); e.g., <5f/(i) J j(6').F a j = i6[Q 1 ai + Q 2 <J2, F] a i- 
However, the SU{2) symmetry is explicitly broken by the Z 2 parity assignment down to U(l) 
with the generator 03. This breaking is manifest only at the boundaries, since SU(2) is a 
local symmetry, while the Z 2 parity transformation relates the fields at y only with those at 
— y. Since the U(l) transformation of the generator Q l <J\ + Q 2 u 2 in SU(2) is broken, the 
U(1)r symmetry is explicitly broken in this Altendorfer-Bagger-Nemeschansky approach. 
The brane tension terms are given by 

Sbrane = J d 5 x(A 1 5(y) + A 2 5(y - y)) [E 3 = Sf\ p . (6-5) 

Here A\ and A 2 are assumed to be real for simplicity and the F-term action formula (C-3) 
reads, for our chiral compensator 2J C = (A c = 1, Xc = 0, JF C ), as 



e A (2{F c + J*) - 2^7^^), (6-6) 



where e 4 is the four dimensional determinant of the vierbein, e 4 — e/e* — e ■ e\. Note that 
now 

3 W? 
V A A\ = (9 4 - ^)A\ ~ VujA a3 - - 2i^C 

-> V 4 A a=2 l=1 = --^T\ + (V A )\ - g R W° 4 (t R ) 2 u (6-7) 

a 

where we have used Af = Sf and ( a = 0, by the superconformal gauge fixing (5-3), and T a i 
is defined by 

T\ = T\ - \marf h A\ = T\ - g R a{t R ) a b A\. (6-8) 
This field T a i vanishes in the absence of the brane term A\ = A 2 = 0. Then we find the real 



part of the F-component T c of E c in (|5-2j ) as 

ReF c = Re I i(l + + ^«(^) 2 i + (V 4 - <?r^ 4 %) 2 i \ 

= jr l_ !1± T 2 _ gR(x Ql _ y2 ( 6 . 9 ) 

a 

Here Q 1 is the first component of the direction vector Q = {Q 1 -,Q 2 -,Q 3 ) of the U(1) R gen- 
erator ( |6-1|) in SU(2), JF 1 and T 2 are the 1 and 2 components of the 'quaternion' T a i 
{T a i = JF°1 2 — %T x o\ — iT 2 a 2 — iJ 73 ^), and the quantities V* are defined by 

(V 4 ) l 3 = (V, - Jr^r)^ = £ WfokYi • (6-10) 

fc=i 
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Since the auxiliary fields JF 1 , T 2 and V 2 appear in the bulk action in the form 

(6-11) 



-2(1 + + { Pf) + 2( v^ 



with opposite signs and W® vanishes on the brane (I7(W®) = — 1), the solution to these 
auxiliary field equations of motion are given by 

P = (l + { ^f-y l eliA^iy) + A 2 S(y - y)), 

T 2 = (l + ^-Y (-^K(A<%) + A 2 *(y - y)), 

Vi = el(A 1 5(y)+A 2 S(y-y)). (6-12) 



Elimination of these auxiliary fields by substituting these solutions back into the action 
( |6-11| ) plus (|6-5|) , could potentially yield singular terms in the form of the squares of delta 
functions. However, in fact, we see that the contributions from T x and T 2 and from V± 
exactly cancel each other. 

After eliminating these auxiliary fields, the brane action becomes 

S br anc = / d 5 x(A 1 5(y) + A 2 6(y - y)) e 4 (-^rQ^ - 2^ 7 ^) , (6-13) 

The scalar a of the U(l)n gauge multiplet is nonvanishing. If the U(1)r gauging is done 
with Q 1 — 1, i.e., £r = icj, then this essentially reproduces the brane action given by 
Altendorfer, Bagger and Nemeschansky. © The point here is, however, that the parameters 
A\ and A 2 remain arbitrary and are not determined by the supersymmetry requirement at 
all. Therefore, despite the fact that the bulk cosmological constant is given by the parameter 
giia, the brane tensions are A\ or A 2 times —Ag^a, and thus have no relation to the bulk 
cosmological constant — (8/3)g R a 2 = —4g R $ Zucker noted the same point in his off-shell 
Poincare supergravity formulation based on a linear multiplet compensator.© 
Let us comment on the Killing spinor in the Randall- Sundrum background, @* 

ds 2 = e- 2klyl V ^dx^dx u - dy 2 . (6-14) 

The Killing spinor is found by demanding that the Q and S transformation 5 = 5q(e)+5s{t]) 
of the gravitino ip l , ip l y and the fermion components of Vq and ( a of H a vanish. The 
S-transformation parameter 7] is given as a function of e by the condition 5f2° l = (and 
then S( a = is automatically satisfied). Assuming that the Killing spinor e(y) depends 
only on the extra dimension coordinate y, one can show that such a Killing spinor can exist 
only when A 1 = -A 2 = 2, Q 1 = 1 (Q 2 = Q 3 = 0) and k = 2ag K /3. This implies that the 
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brane tension ±r of the two boundary planes should be ±r = ^Ag^aQ 1 A\ = ±12k while 
the bulk cosmological term is — = —6k 2 . However, this value of the brane tension is 
twice as large as the Randall-Sundrum value, ±r = ±6k 2 . Zucker also noted this fact in his 
formulation. Ill* Since the effective four-dimensional cosmological term vanishes only when 
the Randall-Sundrum case, this implies that there exists no Killing spinor, and therefore the 
(global) supersymmetry is spontaneously broken on the Randall-Sundrum background. Note 
that this conclusion is in the framework of Altendorfer-Bagger-Nemeschansky approach. In 
fact, in the GPFLP approach whose off-shell formulation is given in Ref. the same 
Randall-Sundrum background is shown© to allow the existence of a Killing spinor. 



Acknowledgements 

The authors owe a lot to Tomoyuki Fujita, who collaborated with them at the early 
stages of this work. The authors would like to thank Tony Gherghetta, David E. Kaplan, 
Tatsuo Kobayashi, Nobuhiro Maekawa, Hiroaki Nakano and Stefan Vandoren for their en- 
couragement and interest in this work. They also appreciate the Summer Institute 2001 
held at Fuji-Yoshida, the discussions at which were valuable. T. K. is supported in part by a 
Grant-in-Aid for Scientific Research, No. 13640279, from the Japan Society for the Promo- 
tion of Science and a Grant-in-Aid for Scientific Research on Priority Areas, No. 12047214, 
from the Ministry of Education, Science, Sports and Culture, Japan. 



Appendix A 

Conventions 



The gamma matrices 7 a (a = 0, 1, 2, • • • , d — 1) in d dimensions satisfy {7°, 7^} = 2r] ab 
and (7a) = V ab 1b, where rf h = diag(+, ■). Here r y a '" b is the antisymmetrized product 

of gamma matrices 

7 a - b = 7 [a ---7 bl , (A-l) 

where the square brackets [■ • •] represent complete antisymmetrization of the indices with 
weight 1. Similarly, (• • •) represents complete symmetrization with weight 1. 
In five dimensions, we choose the Dirac matrices to satisfy 

( '""\ (A-2) 

where e ai ' a5 is a totally antisymmetric tensor with e 01234 = 1. 
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The SU(2) index % (i=l,2) is raised and lowered with the antisymmetric tensor [tyi = 
e 12 = 1) according to the northwest-to-southeast (NW-SE) contraction convention: 

A = € ^ Aj , Aj = A? (A"3j 

The charge conjugation matrix C5 in 5D has the properties 

Cj = -C 5 , CjC B = l, C^aCs 1 = 7J. (A-4) 

Our five-dimensional spinors satisfy the Si7(2)-Majorana condition 

^ = (Vi) V = # T C 5 (A-5) 

where spinor indices are omitted. When the SU(2) indices are suppressed in bilinear terms 
of the spinors, the NW-SE contraction is understood, e.g. ip'y ai "' an \ = ip tr y ai '" an \i. 
In four dimensions, the Dirac matrices satisfy 

7 ai-a 4 = _ ie ai-a4 7B) £ 0123 = ^ ( A .q) 

with the chirality matrix 75. The fifth Dirac matrix in 5D, 7 4 , is anti-hermitian and related 
with 75 as 7 4 = The Majorana-condition is defined by 

4, = = ^ T C 4 , (A-7) 

where the charge conjugation matrix C4 in 4D has the properties 

C 4 T = -C 4 , C|C 4 = 1, C^Q" 1 = - 7 J. (A-8) 

In the main text, we take as our convention the relation C5 = — C475 between the charge 
conjugation matrices in 5D and 4D. 

Appendix B 
Curvatures in J^D and 5D 

The curvatures R^ V A are defined by R^Xa = —\p a , T>b] in terms of the full super- 
conformal covariant derivative V a = d a — J2a^p h A XA and are written using the structure 
function in the form 

V = 4 e 2f"» A = 2d lX] + h°h*f BC A . (B-l) 
Here Xa and h A denote the transformation operators and the corresponding gauge fields, 
respectively, whose explicit contents in 5D and 4D are listed in Table |V[ The quantity /ab C 
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Table V. The transformation operators and the gauge fields. 



in 5 dimensions 



x A 


Pa(= Va) 


Q l 


M ab 


D 






K 


G{Z) 


h A 




% 


L0» ab 


K 






f/j. 




in 4 dimensions 


x A 


Pa(= Va) 


Q 


M ab 


D 


A 


S 


K a 


G 


h A 


P a 








A, 




f n 





is a 'structure function', defined by [X a ,Xb} = }'ab c Xc, which generally depends on the 
fields. The primed fsc A is zero when B = P b and C = P c , and otherwise f'sc A = Ibc A - 
The explicit expression of ( |B-1[ ) for the curvature R^ V A can most easily be obtained from the 
gauge field transformation law 5(e)h A of the same generator X A : 

e B X B h A = 8(e)h A = d,e A + e c h*f BC A ; (B-2) 

that is, we can obtain R^ U A by simply replacing e c by in 5(e)h^. 
The explicit forms of the curvatures R^ in 4D are given byB-i) 

R^{P) = 2d [fl e a u] - 2u { « b e u]b + 2b { ,e a u] + 2i^ a ^, 
R, u ab (M) = 2d { ^jf> - 2utfu> v £ + 8f^ a e^ - A^^ + Ai^R^Q), 
R^(D) = 2d {ll b v] + Af^ a e u]a + A^(f> v] , 
R P v(A) = 2d[f,A u] - 8itp[^ 5 (j) u ], 
R, u a (K) = 2d u J a u] - 2u£ b f u]b - 2b { J u] a + 2i^ a <p u + 2v4> [ , lv] V h R ah {Q), 
R^(Q) = 2d[^ v ] - !^ [A f fc 7a6T/V] + h^v] - §*^75 Vv] + 2ie^ a -f a 4> u] , 
R^ U (S) = 2d [lx (j) v] - \uj { ^ b ^ ab (t) v] - b [lM (f) u] + \iA^n^ v] + 2if [fl a j a ip u] 

+ ^ a (^ a (A) + i lh R^ a {A))^ v] . (B-3) 

With the help of Bianchi identities [D\ a , [D b , T> c ]\ ] = 0, one can show that the constraints 
(3-2) imply the useful equalities^ 

Rab(D) = -R[ab] (M) = -\Rab{A), 

Rab{Q) = \tab Cd R cd {Q) = -h 5 Rab{Q), 
V[ a Rbc](Q) = -ij[ a Rbc](S), 
V b Rab(Q) = -ti b R ab (S) } T R(S) = 0, 

175806(5') = y abcdlb R cd {S) = R ab (S) - ifR ab (Q), (B-4) 
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where R a \M) = R ac c \M) and R ab = (l/2)e abcd R cd . 

The curvatures R^ A in 5D are given explicitly byB'i) 

R^ a (P) = 2d^e u] a - 2u {l f>e v]b + 2b [tl e u] a + 2^7^, 

R,u l (Q) = - §<*7«»#] + - 2V^Vi] + la b[ ^u]V ab - 2 7[M 0t], 

A M / 6 (M) = 2d { ,u u] - 2u)^\u) v f - 4^ 7 a V„] + 2i^ {tll ahcd ^v cd 
+4i$ { ^ a R v] b] (Q) + 2i$ [flll/] R ab (Q) + S/^^e,] 6 !, 
Rtiu(D) = 2<9[,A] + 4i^0„] + 4/ [H , 

VO*) = 2flj^t] - gV^t] - Mt] - 2 ^i< + 2/b, 8 7.V£] + • • • , 

= 2fy i /„ ] a - 2a; [M o6 /,]6 - ^fu\ + + • • • • (B-5) 

Here, the dots in the and .K~ a curvature expressions denote terms containing the other 
curvatures. The constraints (2-2) in 5D also imply the equalities, 

Rab(D) = -\Rab{M) = 0, R[abc]d(M) = R a[bcd] (M) = 0, 

RJiS) = T)>Rj{Q) + i [a V c R b]c \Q) + R[ a ci (Q)v b]c 

+ \i-vR ab \Q) + ± lab R cd \Q)v cd , 
R ab \K) = \v d R ab cd (M) + lh[a(Qh c R d b] (Q) + \h[a(QH]R dc {Q) , (B-6) 

and the S % and K a curvatures can be written in terms of the other curvatures. 



Appendix C 

Embedding and Invariant Action Formulas in J^D 

A product of chiral multiplets also forms a chiral multiplet. More generally, for an arbi- 
trary set of chiral multiplets E 1 = [A 1 , Vx 1 , J 1 " 1 ], we can have a new chiral multiplet g(E), 
whose first component is given by a general function g(A) of {A 1 } carrying a homogeneous 
degree in the Weyl weight: 0-* 

g(E) = [g(A), TWqM), ^gi(A) - 9iM)\, (C-l) 

where gi (A) = dg{A)/dA I and giJ {A) = d 2 g{A)/dA I dA J . 

Similarly, for an arbitrary set of general multiplets = [C 1 , C, 1 , • • •] and an arbitrary 
function f(C) homogeneous in the Weyl weight, we can have a new general multiplet = 
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/(<£) whose components are given by® 



C = /(C), 



B' a = Bifj + lC^ al5 C J fu: 

A' = X'fi - Ins (ilsH + K + 1B + fC l5 yC J fjj - \C T C J C K fiJK, 
D' = D I ] 1 + ^H 1 ^ + K T K J + B{B aJ + V^^C 3 + iC'K" 7 - X^^fu 



+ % I Yft{YftH + K + lB) J C K flJK + ^C'OW "flJKL, 



(C-2) 



with // = df(C)/dC I , etc. This formula is also valid for complex general multiplets, pro- 
vided that the spinor conjugate ip is understood to be if^C^, not tp^° . 

For a chiral multiplet £( w=3 *> = [A, VrX> J~\ with weight w = n = 3, we have the 
following superconformal-invariant F-term action formula: B 



d 4 x 



d 4 xe 



T - i$-yV R x - 2i) al ab V^ b A + h.c. 



(C-3) 



For a real general multiplet (p( w - 2 > n -°) = [C, (, H, K, B a , A, D] with weight w = 2, n = 0, 
the invariant D-term action formula is given by0) 



id 



d 4 x 
d 4 x e 



D 



fp(w=2, n=0) 

D - ^-77 5 A + ie abcd ^ alh iP c (B d - ^ d () 
1 



(C-4) 



where is the scalar curvature constructed from the spin connection , and £> M is the 

covariant derivative with respect to the homogeneous transformations -M"^, .D and A. 
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